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Abstract
We derive a manifestly MHV Lagrangian for the N = 4 supersymmetric Yang–Mills theory in
light-cone superspace. This is achieved by constructing a canonical redefinition which maps
the N = 4 superfield, φ, and its conjugate, φ¯, to a new pair of superfields, χ and χ˜. In
terms of these new superfields the N = 4 Lagrangian takes a (non-polynomial) manifestly
MHV form, containing vertices involving two superfields of negative helicity and an arbitrary
number of superfields of positive helicity. We also discuss constraints satisfied by the new
superfields, which ensure that they describe the correct degrees of freedom in the N = 4
supermultiplet. We test our derivation by showing that an expansion of our superspace
Lagrangian in component fields reproduces the correct gluon MHV vertices.
1 Introduction
TheN = 4 supersymmetric Yang–Mills (SYM) theory has a number of remarkable properties,
some of which have been known for a long time and others which have emerged more recently.
The theory has maximal rigid supersymmetry and is an example of an interacting conformal
field theory in four dimensions. It has been extensively studied – together with some of
its deformations – for the special role it plays in the AdS/CFT correspondence [1–3]. The
original formulation of the correspondence relates N = 4 SYM to type IIB string theory in
an AdS5×S5 background and this remains the best understood and most thoroughly tested
example of the duality. The N = 4 Yang–Mills theory also possesses a non-perturbative
SL(2,Z) symmetry, known as S-duality, which generalises the electric-magnetic duality of
Maxwell’s equations in the vacuum. This symmetry has recently been studied in connection
with the so-called geometric Langlands program [4–6]. In another remarkable development,
an integrable structure underlying the spectrum of scaling dimensions of N = 4 gauge-
invariant composite operators has been discovered, see [7] and references therein for a recent
comprehensive review. This finding is a further indication of the richness of the N = 4
theory. It is also the basis of powerful techniques developed for the calculation of quantum
corrections to the scaling dimensions, which have allowed extremely accurate tests of the
AdS/CFT duality [8].
In the past few years the study of scattering amplitudes in the N = 4 theory has attracted
considerable interest. This is in spite of the fact that, as a conformally invariant non-Abelian
gauge theory, N = 4 SYM does not possess well defined asymptotic states, making the phys-
ical relevance of scattering amplitudes somewhat dubious. It is, however, useful to separate
the issue of the physical interpretation of the scattering amplitudes from their mathematical
properties. Scattering amplitudes in the N = 4 Yang–Mills theory are formally well defined:
they are affected by infra-red divergences – as is normally the case in theories with massless
particles – which, however, can be dealt with in a standard way and, moreover, they are free
of ultra-violet divergences. If one does not insist on attributing to them a direct physical
meaning, the N = 4 scattering amplitudes have a number of interesting properties. They
share some of the features of amplitudes in phenomenologically more interesting theories and
moreover possess some unique and intriguing properties. The need to better understand such
properties and their implications provides the main motivation for this paper. Our focus is
on constructing a formalism which may be useful in this respect, rather than on developing
more efficient computational tools.
It is useful to consider N = 4 SYM in the more general context of the study of scattering
amplitudes in non-Abelian gauge theories. Irrespective of details such as the exact matter
content or the amount of supersymmetry, perturbative scattering amplitudes in Yang–Mills
theories possess remarkable features, which are not easily explained within the framework of
a standard Lagrangian formulation. Among such features, the most striking is the simplicity
of tree-level and, to a lesser extent, one-loop amplitudes. This is particularly evident when
one considers planar amplitudes with external states of definite helicity and focusses on the
so-called colour-ordered partial amplitudes, as opposed to full cross-sections. A n-gluon
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amplitude 1, An, can be decomposed into a sum of the form
An({pi, hi, ai}) = (2pi)4δ(4)
(
n∑
i=1
pi
) ∑
σ∈Sn/Zn
gn−2Tr (T aσ(1) · · ·T aσ(n))An (σ(p1, h1; . . . ; pn, hn)) ,
(1)
where pi, i = 1, . . . , n, are the null on-shell momenta of the external particles, the hi’s
are their helicities and the ai’s denote their colour indices. The sum is over all non-cyclic
permutations of the labels. The An’s on the right hand side are the colour-ordered partial
amplitudes. They depend only on the momenta and helicities of the n gluons and we use the
simplified notation
An(p1, h1; . . . ; pn, hn) ≡ An(1h1 , . . . , nhn) , (2)
with hi = ±.
A first notable result pertaining to helicity partial amplitudes such as (2) is the existence
of unexpected selection rules [9]. Amplitudes with all n gluons of the same helicity 2 and
those with n − 1 gluons of one helicity and a single gluon of opposite helicity vanish at tree
level. The same amplitudes are zero to all orders in supersymmetric theories. The simplest
class of non-trivial amplitudes consists of those with two gluons of one helicity and all the
others of the opposite helicity. Amplitudes of this type with two gluons of negative helicity
and n−2 gluons of positive helicity are referred to as maximally helicity violating (MHV). In
the conventional terminology next-to-MHV amplitudes, denoted by NMHV, are those with
three negative helicities. In general NkMHV are amplitudes of the type An(1
−, 2−, . . . , (k +
2)−, (k + 3)+, . . . , n+), plus all possible permutations of the momenta, in which k + 2 gluons
have negative helicity. Anti-MHV amplitudes, denoted by MHV, are those with two positive
and an arbitrary number of negative helicity gluons.
The colour-ordered n-gluon partial amplitude in the MHV case (for arbitrary n) has an
extremely simple and elegant form, which was first conjectured in [10] and later derived
in [11]. A generating function for N = 4 MHV super-amplitudes was obtained in [12]. The
remarkable simplicity of the MHV partial amplitudes in Yang–Mills theory is completely
obscured in a standard Lagrangian formulation. The calculation of even the simplest (MHV)
tree amplitudes using traditional methods based on Feynman rules derived from a Lagrangian
is very tedious and becomes formidably complicated as the number of external particles
grows 3.
Motivated by the need to overcome the cumbersome nature of the techniques based on
Feynman diagrams, much work has been done over the past two decades to develop and
refine more efficient methods for the calculation of perturbative scattering amplitudes in
non-Abelian gauge theories, see [14] for reviews. A particularly interesting proposal was
presented in [15] in the form of so-called “MHV rules”. These authors, inspired by ideas from
topological string theory in twistor space [16], proposed a novel formalism for the evaluation of
tree level scattering amplitudes, which uses as building blocks vertices consisting of a certain
off-shell continuation of the simple MHV amplitudes. According to this proposal, amplitudes
with generic external helicities are obtained by sewing together (off-shell) MHV amplitudes
using scalar propagators. The approach based on these MHV rules significantly reduces the
1For simplicity, in this general discussion we focus on gluon amplitudes.
2We adopt the convention that all the particles in a scattering amplitude are incoming.
3To give an idea of the complexity of tree level calculations based on Feynman rules we recall that for a
ten-gluon amplitude the number of diagrams contributing is of the order of 107 [13]
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complexity of the calculation of non-MHV tree-level amplitudes. A proof of the MHV rules
was given in [17] using recursion relations for tree-level amplitudes [18]. The approach based
on the MHV rules has been successfully extended to loop level. In particular, one-loop MHV
amplitudes have been computed in [19], reproducing the results previously obtained using
unitarity methods [20].
In a subsequent development a “MHV Lagrangian”, which generates the MHV rules for
pure Yang–Mills theory, was constructed in [21,22]. As presented in [22], the new Lagrangian
is obtained from the ordinary Yang–Mills Lagrangian through a canonical redefinition of the
fields. The result is a non-polynomial Lagrangian in which the vertex of order n is directly
related to the n-gluon MHV amplitude. Of course, being obtained via a field redefinition
from the original Lagrangian, the one obtained in [22] provides a new, but in every respect
equivalent, description of Yang–Mills theory. This means that the MHV Lagrangian is suit-
able for the calculation of scattering amplitude, both at tree and at loop level, but also of
other quantities such as correlation functions. In this paper we present the derivation of a
manifestly MHV Lagrangian for N = 4 SYM in light-cone superspace. Our construction,
both in intermediate steps and in the final result, follows closely [22, 23]. We will obtain a
Lagrangian containing an infinite series of vertices, each involving two superfields of helicity
−1 and a number of superfields of helicity +1.
A MHV Lagrangian in light-cone superspace for N = 4 SYM was previously constructed
in [24]. There are some fundamental differences in the approach that we advocate here
compared to that of that paper. The Lagrangian that we obtain is also different, although
our result and that of [24] agree when expanded in component fields. The central element
which distinguishes our approach from that of [24] is that we work with a pair of constrained
superfields, of helicity +1 and −1 respectively, while the authors of [24] solve explicitly the
constraints to write the Lagrangian in terms of a single superfield. Our approach leads to
additional subtleties – which we will analyse in detail – but allows us to construct a Lagrangian
which is manifestly MHV in superspace. We will further discuss similarities and differences
between our derivation and that in [24] in the concluding section.
While the main application of the MHV Lagrangian in the pure Yang–Mills case is the
calculation of actual physical amplitudes, we believe that the N = 4 construction presented
here will be useful in order to better understand some of the structures which arise in the
study of scattering amplitudes, but may have more general relevance beyond that specific
application.
From a practical point of view the study of scattering amplitudes in the N = 4 theory
can be viewed as a testing ground to develop computational techniques in a setting where
the complications associated with ultra-violet divergences are not present. However, viewed
as formal objects, the N = 4 amplitudes display some peculiar features which are unique to
this theory and interesting in their own right.
Among the remarkable properties of the N = 4 scattering amplitudes is a duality relating
them to certain polygonal Wilson loops. This duality asserts that the MHV colour ordered
partial amplitudes (2) are related to the expectation value of certain Wilson loops defined
on polygonal contours. A more precise formulation of the duality can be phrased as follows.
The exact planar MHV n-point partial amplitude can be factorised as
A(MHV)n (p1, . . . , pn) = A
(MHV)
n,tree Aˆn(p1, . . . , pn) , (3)
where A
(MHV)
n,tree is the tree-level MHV amplitude [10,11]. According to the duality, the factor
Aˆn(p, . . . , pn) in (3) is to be identified with the expectation value of a Wilson loop defined by
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the polygon of vertices xi, i = 1, . . . , n+ 1, with
xi+1 − xi = pi, i = 1, . . . , n and xn+1 = x1 . (4)
Therefore the statement is
Aˆn(p1, . . . , pn) = 〈W (x1, . . . , xn)〉 . (5)
This correspondence was originally proposed in [25] as a means of computing the strong
coupling limit of scattering amplitudes via the AdS/CFT correspondence. However, it has
subsequently been tested as a perturbative duality of the N = 4 Yang–Mills theory without
any reference to the dual gravitational description [26].
This duality is intimately related to one of the most intriguing features of the N = 4
theory, a recently discovered novel symmetry, referred to as dual superconformal symme-
try, displayed by planar scattering amplitudes [27, 28]. The N = 4 SYM theory is clas-
sically invariant under the superconformal group PSU(2,2|4) and this symmetry remains
unbroken to all orders in perturbation theory [29–31]. The PSU(2,2|4) supergroup contains
SO(2,4)×SO(6)R∼ SU(2,2)×SU(4)R as maximal bosonic subgroup, where SO(2,4)∼ SU(2,2)
is the four-dimensional conformal group and SO(6)R ∼ SU(4)R is the N = 4 R-symmetry.
It has been observed that scattering amplitudes in N = 4 SYM, when expressed in terms of
suitable auxiliary variables 4, possess an additional PSU(2,2|4) symmetry, which is not re-
lated to the original superconformal symmetry in any obvious way. It has recently been noted
that ordinary and dual superconformal symmetry algebras appear to combine to generate a
Yangian symmetry of the type encountered in the study integrable systems [32]. It has been
speculated that this infinite dimensional symmetry may allow to completely determine the
N = 4 S-matrix through purely algebraic means.
A clear understanding of the origin of this new symmetry and of its relevance beyond
the study of scattering amplitudes is still lacking. The fact that the dual superconformal
symmetry appears to be present only in the planar approximation makes it difficult to directly
trace it to characteristics of the Lagrangian. It seems, however, unlikely that this symmetry
can be an accidental property uniquely seen in scattering amplitudes. Recent work relating
amplitudes and null polygonal Wilson loops to special limits of correlation functions [33,34]
offers interesting insights into these issues. One of the aims of the present paper is to develop
a formalism which may help to shed light on the structure and implications of the dual
superconformal symmetry. The reformulation of the N = 4 theory that we present appears
to be well suited for this purpose, since it has built-in some of the basic features of scattering
amplitudes and moreover it is manifestly N = 4 supersymmetric. We intend to pursue this
line of investigation in the future. More generally, it will be interesting to use this new MHV
formulation to revisit other aspects of the N = 4 SYM theory such as ultra-violet finiteness
and possible connections with N = 8 supergravity.
This paper is organised as follows. In section 2 we review the formulation of N = 4 SYM
in light-cone superspace, with particular emphasis on the aspects which are relevant for the
discussion of scattering amplitudes. In section 3 we construct a canonical change of variables
which yields the new superfields used in the MHV Lagrangian. The explicit form of the
leading terms in this Lagrangian is presented in section 4. In section 5 we discuss the form
of our Lagrangian in terms of component fields and we show that it reproduces the known
terms in the MHV Lagrangian for the pure Yang–Mills case. Various technical details are
discussed in the appendices.
4The auxiliary variables are precisely the positions, xi, introduced in (4).
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2 N = 4 Yang–Mills in light-cone superspace
In this section we briefly review the formulation of N = 4 SYM in light-cone superspace.
This formalism provides a description of the theory, in terms of the sole physical degrees of
freedom, in which the full N = 4 supersymmetry as well as the SU(4)R R-symmetry are
manifest. We also discuss the helicity assignments for the various fields in the theory both in
components and in superspace. In the following sections this formulation of the theory will
allow us to identify a field redefinition which brings the action into a manifestly MHV form,
along the lines of the construction proposed in [21–23] for the pure Yang–Mills case.
2.1 Light-front quantisation
We work with space-time signature (−,+,+,+) and we choose a null unit vector ζµ, which
identifies the time direction used in the light-front quantisation. With the choice ζµ =
1√
2
(+1, 0, 0,+1), the light-cone coordinates and their derivatives are
x± =
1√
2
(x0±x3) , x = 1√
2
(x1 + i x2) , x¯ =
1√
2
(x1 − i x2) , (6)
∂± =
1√
2
(∂0± ∂3) , ∂¯ = 1√
2
(∂1 − i ∂2) , ∂ = 1√
2
(∂1 + i ∂2) . (7)
and x+ = ζµx
µ will be taken as light-cone time.
In keeping with the literature, we represent momentum vectors as bi-spinors, mapping pµ
to pαα˙ = σ
µ
αα˙pµ, where σ
µ = (−1, σi) and σi, i = 1, 2, 3, are Pauli matrices. In terms of the
light-cone components of pµ we have
pαα˙ =
√
2
(−p− p¯
p −p+
)
. (8)
A light-like vector, pµ, can be written as
pαα˙ = λαλ˜α˙ , (9)
for (commuting) spinors λα and λ˜α˙ of positive and negative chirality respectively. For pαα˙ to
be real one must take λ˜ = ±λ¯. We can choose for instance
λα = 2
1/4

√
p−
− p√
p−
 and λ˜α˙ = 21/4
−
√
p−
p¯√
p−
 . (10)
From the light-like vector ζµ we construct ζαα˙ = σ
µ
αα˙ζµ, which we represent as ζαα˙ = ναν˜α˙,
with
να =
(
0
21/4
)
and ν˜α˙ =
(
0
−21/4
)
. (11)
Given two spinors of positive chirality, λα and µα, we can construct a Lorentz invariant
bilinear,
〈λµ〉 = εαβλαµβ , (12)
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where the tensor εαβ used to lower indices is anti-symmetric with ε12 = 1 and its inverse is
εαβ satisfying εαβε
βγ = δγα. Similarly out of two negative chirality spinors, λ˜α˙ and µ˜α˙, we
define the invariant bilinear
[λ˜ µ˜] = εα˙β˙λ
α˙µβ˙ , (13)
where the anti-symmetric tensor εα˙β˙ is defined similarly to εαβ . Its inverse is ε
α˙β˙ and they
satisfy εα˙β˙ε
β˙γ˙ = δγ˙α˙. We will make use of the two invariant products (12) and (13) in the
discussion of helicity.
2.2 N = 4 SYM in light-cone superspace
The field content of the N = 4 SYM theory comprises a gauge field, Aµ, four Weyl fermions,
ψmα , and their conjugates, ψ¯mα˙, m = 1, . . . , 4, and six real scalars, ϕ
i, i = 1, . . . , 6. The gauge
field is a SU(4)R singlet, the fermions transform in the 4 and 4¯ and the scalars in the 6. The
gauge field components are
A± =
1√
2
(A0 ±A3) , A = 1√
2
(A1 + iA2) , A¯ =
1√
2
(A1 − iA2) . (14)
From Aµ we can construct Aαα˙ = σ
µ
αα˙Aµ. In terms of light-cone components we get
Aαα˙ =
√
2
(−A− A¯
A −A+
)
. (15)
The light-cone gauge description of the theory uses only physical degrees of freedom. We fix
the gauge setting A− = 0 and we integrate out A+, leaving the two transverse components,
A and A¯. Similarly the four Weyl fermions, ψmα , and their conjugates, ψ¯mα˙, are decomposed
according to the projection
ψmα → ψm(±) = P±ψmα , ψ¯mα˙ → ψ¯(±)m = P±ψ¯mα˙ , (16)
where P± = − 1√2σ±, with σ± =
1√
2
(σ0 ± σ3). We then integrate out the ψm(+) and ψ¯
(+)
m
components, leaving four one-component fermionic fields and their conjugates,
λm ≡ ψm(−) , λ¯m ≡ ψ¯(−)m . (17)
The N = 4 multiplet is completed by the six real scalar fields, which we represent as SU(4)R
bi-spinors, ϕmn, m,n = 1, . . . , 4, satisfying the reality condition
ϕ¯mn ≡ (ϕmn)∗ = 1
2
εmnpqϕ
pq . (18)
In the following it will be important that the physical fields used in the light-cone gauge,
(A, A¯, ϕmn, λm, λ¯m) , (19)
can be assigned definite helicities.
The N = 4 light-cone superspace is made up of the four bosonic coordinates (6) and eight
fermionic coordinates, θm and θ¯m, m = 1, . . . , 4, transforming in the 4 and 4¯ of SU(4)R.
When working in configuration space we will collectively denote the superspace coordinates
by z = (x+, x−, x, x¯, θm, θ¯m). The full N = 4 supersymmetry is manifest, with half of
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the supercharges (denoted by qm and q¯m and referred to as kinematical) realised linearly
as translations in the fermionic coordinates and the other half (referred to as dynamical)
non-linearly realised.
We also introduce the superspace chiral derivatives, dm and d¯m, defined as
dm = − ∂
∂θ¯m
+
i√
2
θm∂− , d¯m =
∂
∂θm
− i√
2
θ¯m∂− , m = 1, . . . , 4 . (20)
They obey
{dm, d¯n} = i
√
2 δmn ∂− (21)
and anticommute with the supercharges qm and q¯m.
An irreducible representation of the N = 4 super-algebra is realised in terms of a single
complex superfield, φ(x, θ, θ¯), which contains all the fields (19) as components. The superfield
φ(x, θ, θ¯) is a SU(4)R singlet defined by the constraints [31,35]
dmφ(x, θ, θ¯) = 0 , d¯md¯nφ(x, θ, θ¯) =
1
2
εmnpqd
pdqφ¯(x, θ, θ¯) , (22)
where φ¯ = φ∗ satisfies d¯mφ¯(x, θ, θ¯) = 0. The unique solution to these constraints is a superfield
with the following component expansion [35]
φ (x, θ, θ¯) = − 1
∂−
A(y)− i
∂−
θmλ¯m(y) +
i√
2
θmθnϕ¯mn(y)
+
√
2
6
θmθnθpεmnpqλ
q(y)− 1
12
θmθnθpθqεmnpq∂−A¯(y) , (23)
where we introduced the chiral variable
y = (x+, y− = x− − i√
2
θmθ¯m, x, x¯) (24)
and the right hand side is understood to be a power expansion about x−. Appendix B
contains a more detailed discussion of constraints in light-cone superspace.
In terms of the superfields φ and φ¯, the N = 4 SYM light-cone action is [30,35]
S = 72
∫
d4x
∫
d4θ d4θ¯ L(φ, φ¯, ∂µφ, ∂µφ¯) , (25)
where the Lagrangian density, L(φ, φ¯, ∂µφ, ∂µφ¯) ≡ Lφ,φ¯, is
Lφ,φ¯ = Tr
{
−2 φ¯ 
∂2−
φ+ i
8
3
g
(
1
∂−
φ¯
[
φ, ∂¯φ
]
+
1
∂−
φ
[
φ¯, ∂φ¯
])
+2g2
(
1
∂−
[φ, ∂−φ]
1
∂−
[
φ¯, ∂−φ¯
]
+
1
2
[
φ, φ¯
] [
φ, φ¯
])}
, (26)
and the d’Alembertian in light-cone coordinates reads
✷ = 2(∂∂¯ − ∂+∂−) . (27)
The Grassmann integrations are normalised so that∫
d4θ θ1θ2θ3θ4 = 1 .
Notice also that here and in the following we use the prescription of [30] for the 1∂− operator.
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2.3 Helicity
Scattering amplitudes in a massless theory are traditionally computed as functions of the
momenta – which enter through invariant combinations such as the Mandelstam variables
– and polarisation vectors of the incoming and outgoing particles. However, it has been
observed [14] that sub-amplitudes in which the external states have definite helicities are
considerably simpler than the full amplitudes with arbitrary external momenta and polarisa-
tions. The relative simplicity of these helicity amplitudes is at the heart of the development
of efficient techniques for the calculation of scattering amplitudes, which has seen remarkable
progress in the past decade. The light-cone description provides the natural framework to
analyse scattering amplitudes in which the external states have definite helicity.
In order to describe states of given light-like momentum and helicity it is convenient to
work with the representation (9). The two spinors λα and λ˜α˙ – together with ζαα˙ = ναν˜α˙
defining the time direction in light-front quantisation – determine both the momentum and
the helicity of a massless state. Starting with the spinors λα and λ˜α˙ describing the light-like
momentum pαα˙ = λαλ˜α˙, we can construct polarisation vectors corresponding to positive and
negative helicity states. A positive helicity polarisation vector is obtained as
η
(+)
αα˙ =
ναλ˜α˙
[ν˜ λ˜]
, (28)
with να and ν˜α˙ defined in (11). A negative helicity polarisation vector is
η
(−)
αα˙ =
λαν˜α˙
〈ν λ〉 . (29)
The vectors η
(+)
µ and η
(−)
µ thus defined satisfy η
(+)
µ pµ = η
(−)
µ pµ = 0, as required for polarisa-
tion vectors, thanks to the identities
〈λλ〉 = 0 , [λ˜ λ˜] = 0 . (30)
Comparing the explicit form of (28) and (29),
η
(+)
αα˙ =
 0 0
1 − p¯
p−
 , η(−)αα˙ =
 0 1
0 − p
p−
 , (31)
with the spinor representation (15) of Aµ in light-cone gauge, we conclude that the physical
components of the gauge field, A and A¯, describe gluons of positive and negative helicity
respectively. Similarly one can show that the two fermionic fields, λm and λ¯m, describe
gauginos of −1/2 and +1/2 helicity respectively.
The above analysis reflects the fact that in the light-cone gauge we can identify helicity
with the U(1) charge associated with rotations in the transverse (x, x¯) plane. Complex
fields are used to describe particles with helicity. Real fields describe helicity zero particles
(Lorentz scalars). In the case of N = 4 SYM the complex field A has U(1) charge +1
and describes gluons of positive helicity, its complex conjugate, A¯, has U(1) charge −1 and
describes negative helicity gluons. Similarly λm and its conjugate λ¯m have U(1) charge −1/2
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and +1/2; they describe gauginos of negative and positive helicity respectively. The six
scalars in the theory are described by real fields, ϕmn, which are not charged under U(1) 5.
In the superspace description of the theory we assign U(1) charge to the fermionic coordi-
nates – the θm’s have charge +1/2 and the θ¯m’s have charge −1/2. As a result the superfield
φ(x, θ, θ¯) has definite helicity +1, as shown by the component expansion (23). Similarly, the
expression of the conjugate superfield, φ¯(x, θ, θ¯), in terms of component fields shows that it
has helicity −1. Notice also that each ∂ derivative (and each p component of momentum)
contributes one unit of U(1) charge; each ∂¯ derivative (and each p¯ component of momentum)
carries U(1) charge −1. The ∂± derivatives and the p± components of momentum do not
carry any U(1) charge. This ensures that the N = 4 SYM action (25) is U(1) neutral as
required by Lorentz invariance.
In view of these helicity assignments for the N = 4 superfields, φ and φ¯, we can write the
light-front Lagrangian as
Lφ,φ¯ =
∫
Σ
d3xd4θ d4θ¯
[
L(−+)
φ,φ¯
+ L(−++)
φ,φ¯
+ L(−−+)
φ,φ¯
+ L(−−++)
φ,φ¯
]
, (32)
where the integration is on a surface of constant x+ and the superscripts refer to the number
of superfields of helicity +1 (φ) and −1 (φ¯). Comparing to (26) we find
L(−+)
φ,φ¯
= −2Tr
(
φ¯
✷
∂2−
φ
)
, (33)
L(−++)
φ,φ¯
= i
8
3
gTr
(
1
∂−
φ¯[φ, ∂¯φ]
)
, L(−−+)
φ,φ¯
= i
8
3
gTr
(
1
∂−
φ[φ¯, ∂φ¯]
)
(34)
and
L(−−++)
φ,φ¯
= 2g2 Tr
(
1
∂−
[φ, ∂−φ]
1
∂−
[φ¯, ∂−φ¯] +
1
2
[φ, φ¯][φ, φ¯]
)
. (35)
3 Towards a MHV Lagrangian for N = 4 SYM: superfield
redefinition
In this section, we identify a superfield redefinition
φ(x, θ, θ¯)→ χ(x, θ, θ¯) , φ¯(x, θ, θ¯)→ χ˜(x, θ, θ¯) , (36)
such that in terms of the new superfields the N = 4 action takes a manifestly MHV form.
We require that the redefinition be a canonical transformation in superspace. This will
ensure that the change of variables (36) does not give rise to a Jacobian when used in the
5The U(1) charges of the fields in the N = 4 SYM multiplet can be understood recalling that the theory
is the dimensional reduction of N = 1 SYM in ten dimensions. In the ten-dimensional light-cone formulation
the N = 1 theory has SO(8) invariance. The field content consists of a vector and a Majorana–Weyl spinor,
transforming in the representations 8v and 8s of SO(8). Upon dimensional reduction to d = 4 we consider
the decomposition SO(8)⊃SO(2)×SO(6)R ∼U(1)×SU(4)R, where SO(2)∼U(1) corresponds to rotations in
the transverse (x, x¯) directions and SO(6)R ∼SU(4)R is the N = 4 R-symmetry. The branching rules for the
decomposition give (the subscripts denote the U(1) charge)
8v = 60 ⊕ 1+1 ⊕ 1−1 , 8s = 4−1/2 ⊕ 4¯+1/2 ,
corresponding to the six scalars, the two helicities of the gluons and the two helicities of the four gauginos.
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path integral. It will also be important that the transformation preserve the helicity of
the superfields, so that χ(x, θ, θ¯) and χ˜(x, θ, θ¯) have the same definite helicities, +1 and −1
respectively, as the original superfields.
Our construction of the superfield redefinition (36) follows closely that of [22,23] for the
pure Yang–Mills case. As in those papers, we will find that, in order to produce a manifestly
MHV Lagrangian, the redefinition (36) is necessarily non polynomial. The superfields φ and
φ¯ are given by infinite series in the new fields χ and χ˜. We will show that the superfield
redefinitions take the form 6
φ(p) =
∞∑
n=2
gn−2
∫
d3p1 · · · d3pn−1 δ(3)(p− p1 − · · · − pn−1)Γ(p; p1, . . . , pn−1)χ(p1) · · ·χ(pn−1)
φ¯(−p) = −
∞∑
n=2
n∑
s=2
gn−2
∫
d3p1 · · · d3pn−1 δ(3)(p+ p1 + · · ·+ pn−1) p−
(ps)−
×Ξ(s−1)(p; p1, . . . , pn−1)χ(p1) · · ·χ(ps−1)χ˜(ps)χ(ps+1) · · ·χ(pn−1)
where the dependence on the fermionic coordinates, θ and θ¯, has not been indicated explicitly.
We will derive the explicit form of the coefficient functions, Γ and Ξ, in these series using
recursion relations.
Substituting the expressions of φ and φ¯ in terms of χ and χ˜ gives rise to a Lagrangian of
the form
Lχ,χ˜ =
∫
Σ
d3xd4θ d4θ¯
L(−+)χ,χ˜ + ∞∑
k=1
L(−−
k︷ ︸︸ ︷
+ · · ·+)
χ,χ˜
 (37)
in which all terms are manifestly MHV in light-cone superspace. Here the k-th term in sum
contains two χ˜’s, k χ’s and a factor of gk.
Our superspace analysis presents additional complications, which do not arise in the non-
supersymmetric case. In order to obtain an action which manifestly displays both the MHV
structure and the full N = 4 supersymmetry, we work with φ and φ¯ – without eliminating
the latter via the constraints (22) – and construct the map (36) expressing them in terms of
χ and χ˜. These superfields, however, do not satisfy the same constraints (22) and so they
are not guaranteed to describe the same degrees of freedom. We therefore need to identify
new constraints satisfied by the transformed superfields and prove that χ and χ˜ with these
new constraints describe the irreducible N = 4 multiplet. This is done in section 3.2 with
further details in appendix B. In section 5 we then show that the MHV Lagrangian written
in terms of χ and χ˜ reproduces the known terms when expanded in component fields.
3.1 Canonical Transformation
As in the pure Yang–Mills case [21–23], the aim is to construct the superfield redefinition in
such a way as to eliminate the non-MHV cubic vertex, L(−++)
φ,φ¯
, from the Lagrangian. The
new superfields, χ and χ˜, are thus defined requiring
L(−+)
φ,φ¯
+ L(−++)
φ,φ¯
→ L(−+)χ,χ˜ . (38)
6Here and in the following d3p denotes dp− dpdp¯ in momentum space integrals.
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As a preliminary step we re-write the non-MHV vertex, L(−++)
φ,φ¯
, in an equivalent form using
(108). Then the condition (38) takes the explicit form 7∫
d3xd4θ d4θ¯Tr
(
−2φ¯ 
∂2−
φ+ i
8
3
g
1
∂−
φ¯
1
∂−
[∂−φ, ∂¯φ]
)
=
∫
d3xd4θ d4θ¯Tr
(
−2χ˜ 
∂2−
χ
)
. (39)
To ensure the canonicity of the transformation, we define the new superfields, χ and χ˜, via
a generating functional. In complete analogy with the pure Yang–Mills case [22], we search
for a generating functional of the form
G(χ, piφ) =
∫
d3xd4θ d4θ¯ Tr [g(χ)piφ] , (40)
where piφ is the conjugate momentum to φ. From G(χ, piφ) we obtain
1
∂−
χ˜(x, θ, θ¯ )=
∫
d3x′d4α d4α¯
δ
{
φa(x′, α, α¯)(ta)ij
}
δχ(x, θ, θ¯ )
1
∂−
{
φ¯b(x′, α, α¯)(tb)j i
}
. (41)
The form of the generating functional (40) ensures that∫
d3xd4θ d4θ¯Tr
(
−2φ¯ ∂+∂−
∂2−
φ
)
=
∫
d3xd4θ d4θ¯Tr
(
−2χ˜ ∂+∂−
∂2−
χ
)
, (42)
or, equivalently, using (106),∫
d3xd4θ d4θ¯Tr
(
2
1
∂−
φ¯ ∂+φ
)
=
∫
d3xd4θ d4θ¯Tr
(
2
1
∂−
χ˜ ∂+χ
)
. (43)
In the following we will therefore ignore the terms involving ∂+.
The superfield redefinition is more conveniently written in terms of Fourier transforms, so
from now on we work in momentum space. Notice that our starting point is the Lagrangian
(32), which is written as an integral over a surface of constant x+. In going to momentum
space, we Fourier transform in the x−, x and x¯ variables only. In all the following expressions
the superfields have an additional dependence on the time coordinate, x+, which will be left
implicit (see also appendix A). In momentum space the condition (39) becomes∫
d3p1 d
4θ d4θ¯
1
p1−
φ¯(−p1, θ, θ¯)
{
p1p¯1
p1−
φ(p1, θ, θ¯)
+ i
2
3
g
∫
d3p2 d
3p3 δ
(3)(p1 − p2 − p3)(p¯3p2− − p¯2p3−)
p2− + p3−
φ(p2, θ, θ¯) φ(p3, θ, θ¯)
}
=
∫
d3p d4α d4α¯
1
p−
χ˜(−p, α, α¯) pp¯
p−
χ(p, α, α¯) . (44)
We simplify the notation by writing this as∫
1
∫
dθ
1
p1−
φ¯−1
{
ω1φ1 + i
2
3
g
∫
23
δ(3)(p1 − p2 − p3) {2,3}
p2− + p3−
φ2φ3
}
=
∫
p
∫
dθ
1
p−
χ˜−p ωpχp, (45)
7From now on we will omit the subscript Σ indicating that the integrals are performed on a surface of
constant x+.
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where φj ≡ φ(pj), φ−j ≡ φ(−pj), ωk ≡ pkp¯kpk− and {i,j} ≡ (p¯jpi− − p¯ipj−) and for the measures
we have defined∫
12...n
≡
∫ n∏
k=1
dpk− dpk dp¯k and
∫
dθ ≡
∫
d4θ d4θ¯ . (46)
In the following we will also use the notation (pi, pj) = pjpi− − pipj−. We now substitute
(the Fourier transform of) (41) into (45) to obtain
ω1φ1 + i
2
3
g
∫
23
δ(3)(p1 − p2 − p3) {2,3}
p2− + p3−
φ2φ3−
∫
l
ωl
δφ1
δχl
χl = 0, (47)
which indicates that φ is a power-series in χ of the following form
φ1 =
∞∑
n=2
gn−2
∫
2...n
δ(3)(p1 − p2 − · · · − pn) Γ1,2,...,n χ2 . . . χn . (48)
Γ1,2,...,n ≡ Γ(p1, p2, . . . , pn) are coefficients to be determined order by order. The various
permutations of the χ superfields are accounted for by the structure of the Γ coefficients.
At lowest order, we see from the canonical constraint [23] that φ = χ, implying that
Γj,k = δj,k. This may be verified by substituting φ1 = χ1 in (47) at order g
0. We now move
to order g and substitute (48) in (47) to obtain
Γp,q,r = −i2
3
1
(ωp − ωq − ωr)
{q,r}
(q− + r−)
. (49)
If we use conservation of momentum implied by the delta function, the Γ coefficient simplifies
to
Γp,q,r = i
2
3
q−r−
(q,r)
, (50)
where p = q + r. Here and in the following we use bold-face symbols for the three “non +”
components of vectors, e.g. p = (p−, p, p¯).
Then, the field redefinition to order g reads
φp = χp + i
2
3
g
∫
d3q d3r δ(3)(p− q − r) q−r−
(q,r)
χq χr . (51)
An all-order result for the field redefinition is straightforward to derive. We substitute (48)
into (47), and relabel momentum variables, to obtain the following recurrence relation for
the Γ coefficients in equation (48)
Γ1,2,...,n = − 2i
3ω
n−1∑
j=2
{(p2 + · · · + pj) , (pj+1 + · · ·+ pn)}
p2− + p3− + · · ·+ pn− Γ+,2,...,j Γ+,j+1,...,n , n ≥ 3 , (52)
where Γ+,i,j ≡ Γi+j,i,j, and ω ≡ ω1 − ω2 − · · · − ωn. As is to be expected, there are many
manifest similarities with the all-order result for the field redefinition of the gauge field in
pure Yang–Mills theory [22].
Using the momentum conserving delta functions helps simplify the expressions. We get
Γ+,2,3 = i
2
3
p2−p3−
(p2,p3)
, Γ+,2,3,4 =
(
i
2
3
)2 p2−p23−p4−
(p2,p3)(p3,p4)
. (53)
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The general coefficient in (48) is
Γ+,2,...,n =
(
i
2
3
)n−2 p2−p23−p24− . . . p2(n−1)−pn−
(p2,p3)(p3,p4) . . . (pn−1,pn)
. (54)
We prove this by induction in appendix C.
Having obtained an all-order expression for the field redefinition for φ we now turn to φ¯.
We differentiate φ with respect to χ and substitute the result in (41) to obtain the following
expression for φ¯
φ¯−1 = −
∞∑
m=2
gm−2
m∑
s=2
∫
2...m
δ(3)(p1+p2+ · · ·+pm)p1−
ps−
Ξs−11,2,...,mχ2 . . . χs−1χ˜sχs+1 . . . χm, (55)
where the superscript on Ξ corresponds to the position of χ˜ in the string of χ’s. For example,
the coefficient Ξ312...n accompanies the string χ2χ3χ˜4χ5 . . . χn. Note that Ξ
1
j,k ≡ δj,−k. To
compute the higher order Ξ coefficients, we start with (43). From the expansion of φ in (48),
since all the fields have the same x+ dependence and none of the Γ coefficients depend on
x+, we get
∂+φ1 =
∞∑
n=2
gn−2
n∑
r=2
∫
2...n
δ(3)(p1 − p2 − · · · − pn) Γ1,2,...,nχ2 . . . χr−1∂+χrχr+1 . . . χn. (56)
We substitute (55) and (56) in (43), and verify that the equation is trivially satisfied at
zero-th order. Evaluating at order g, we find
Ξ11,2,3 = −Γ−2,3,1 , Ξ21,2,3 = −Γ−3,1,2 , (57)
so that
φ¯−p = χ˜−p+g
∫
d3q d3r δ(3)(p+ q+ r)
{
p−
q−
Γ−q,r,p χ˜qχr +
p−
r−
Γ−r,p,q χqχ˜r
}
+O(g2) . (58)
It is possible, though tedious, to write a general expression for Ξs−112...n. We present the details
in appendix D.
The transformations (48) and (55) can be inverted to express χ and χ˜ in terms of φ and
φ¯. These inverse relations schematically take the form
χ(p) =
∞∑
n=2
gn−2
∫
d3p1 · · · d3pn−1 δ(3)(p− p1 − · · · − pn−1)∆(p; p1, . . . , pn−1)φ(p1) · · · φ(pn−1)
(59)
χ˜(p) =
∞∑
n=2
n∑
s=2
gn−2
∫
d3p1 · · · d3pn−1 δ(3)(p+ p1 + · · ·+ pn−1) (60)
×Υ(s−1)(p; p1, . . . , pn−1)φ(p1) · · ·φ(ps−1)φ¯(ps)φ(ps+1) · · ·φ(pn−1) ,
i.e. χ is a power series in φ only and χ˜ is a power series in φ and φ¯, with each term containing
one factor of φ¯. The coefficients, ∆ and Υ, in these equations can be expressed in terms of
the coefficients Γ and Ξ that we previously determined.
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3.2 New constraints
As discussed in section 2.2 and appendix B the original superfields, φ and φ¯, are both con-
strained. Explicitly, they satisfy (anti) chirality conditions,
dm φ = 0 , d¯m φ¯ = 0 , (61)
and what is referred to as an “inside-out” relation,
d¯m d¯n d¯p d¯q φ = 2 εmnpq ∂
2
− φ¯ . (62)
In fact, one verifies that (62), together with the supersymmetry algebra (21), gives rise to
the additional “hidden” constraints
d¯m d¯n d¯p φ = i
√
2 εmnpq d
q ∂− φ¯ , (63)
d¯m d¯n φ =
1
2
εmnpq d
p dq φ¯ , (64)
d¯m φ =
i
6
√
2
εmnpq d
n dp dq
1
∂−
φ¯ (65)
φ =
1
96
εmnpqd
m dn dp dq
1
∂2−
φ¯ . (66)
The most general superfield in N = 4 superspace does not describe an irreducible multiplet
of the N = 4 superalgebra. Imposing the constraints (61)-(66) reduces the number of in-
dependent components in φ and φ¯ ensuring that these superfields describe only the N = 4
degrees of freedom.
In the previous subsection we have constructed the superfield redefinition (36) to all
orders and in the next section we will present the manifestly MHV N = 4 Lagrangian
written in terms of the new superfields, χ and χ˜. However, we first need to show that these
new superfields also describe the N = 4 supermultiplet. This is not guaranteed, because in
constructing the canonical change of variables, we have treated φ and φ¯ as unconstrained.
We need to deduce what conditions for χ and χ˜ are implied by the constraints on the original
superfields and then show that these new conditions give rise to the correct degrees of freedom.
This can be achieved starting with the inverse transformations (59)-(60) and imposing the
conditions (61)-(66) on the right hand side.
From the transformation relating φ and χ one can verify that the latter is also chiral,
dχ = 0 . (67)
This is shown to be valid to all orders in g in appendix B.1.
The remaining constraints on φ and φ¯ are, however, not valid for χ and χ˜. In particular,
the superfield χ˜ is not anti-chiral. Moreover, as a consequence of the structure of the field
redefinition, we expect the constraints satisfied by χ and χ˜ to be modified order by order in
the coupling. We will present here the schematic form of the new conditions for χ and χ˜ to
order g. Appendix B contains more details of the derivation.
We start with the inverse transformations (59)-(60) truncated at order g,
χp = φp − g
∫
qr
δ(p − q − r) Γp,q,r φq φr +O(g2) , (68)
χ˜p = φ¯p + g
∫
qr
δ(p − q − r)
{
p−
q−
Γ−q,r,−p φ¯q φr +
p−
r−
Γ−r,−p,q φq φ¯r
}
+O(g2) . (69)
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The expansion (68) is of course consistent with the chirality of χ. Acting with the superspace
derivative d¯m on (69) and using (61)-(66) we arrive at the relation (see appendix B.1 for
further details)
1
∂2−
d¯ χ˜ ∼ g
(
d3
∂−
χ˜
)
χ˜ , (70)
which replaces the anti-chirality condition for φ¯.
The additional constraint relations, analogous to (62)-(66), are
d4
∂2−
χ˜ ∼ χ+ gχ2 + g3χ3 + · · · , (71)
d3
∂−
χ˜ ∼ d¯χ+ gχd¯χ+ g2χ2d¯χ+ · · · , (72)
d2χ˜ ∼ d¯ 2χ+ gd¯χd¯χ+ gχd¯ 2χ+ g2χd¯χd¯χ+ g2χ2d¯ 2χ+ · · · , (73)
∂−dχ˜ ∼ d¯ 3χ+ gd¯χd¯ 2χ+ gχd¯ 3χ+ · · · , (74)
∂2−χ˜ ∼ d¯ 4χ+ gd¯ 2χd¯ 2χ+ gd¯χd¯ 3χ+ gχd¯ 4χ+ · · · . (75)
These are derived in appendix B.2.
Notice that at zero-th order in the coupling χ and χ˜ coincide with φ and φ¯ respectively.
The above conditions are consistent with this observation. The superfield χ is chiral and (70)
reduces to
d¯ (χ˜)0 = 0 , (76)
showing that χ˜ is anti-chiral for g = 0. Similarly the conditions (71)-(75) reduce to (62)-(66)
at g = 0.
Having derived the new constraints satisfied by χ and χ˜ we proceed to show that they
give rise to the correct field content. Since χ is chiral, we can write it as 8
χ(x, θ, θ¯) = α(y) + β(y) [θ] + γ(y) [θ]2 + δ(y) [θ]3 + ε(y) [θ]4 . (77)
We find that χ˜ satisfying the “inside-out” relations (71)-(75) is forced to have the structure
χ˜(x, θ, θ¯) = A00(y) +A10(y) [θ] +A20(y) [θ]
2 +A30(y) [θ]
3 +A40(y) [θ]
4
+A01(y) [θ¯] +A02(y) [θ¯]
2 +A03(y) [θ¯]
3 +A04(y) [θ¯]
4 , (78)
where y is the chiral variable (24) and all component fields, Aij , i, j = 0, . . . , 4, are fully
determined in terms of the component fields α, β, γ, δ and ε.
The remaining condition on χ and χ˜ is (70). Imposing this constraint halves the number
of independent components in the new superfields. Therefore we conclude that χ and χ˜
contain a total of eight bosonic and eight fermionic independent degrees of freedom.
8Here and in the following we use the notation [θ]n to denote n powers of θ without specifying the SU(4)R
indices.
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4 MHV Lagrangian for N = 4 Yang–Mills
The manifestly MHV Lagrangian in terms of the new superfields χ and χ˜ to order g2 is
Lχ,χ˜ = Tr
∫
dθ dp f0(p) χ˜−p χp
+g Tr
∫
dθ dp dk dl δ(p + k + l) f1(p, k, l) χp χ˜k χ˜l
+g2 Tr
∫
dθ dp dq dr dl δ(p + q + r + l) f21(p, q, r, l) χp χq χ˜r χ˜l
+g2 Tr
∫
dθ dp dq dr dl δ(p + q + r + l) f22(p, q, r, l) χp χ˜q χr χ˜l ,
(79)
where
f0(p) = −4 pp¯− p+p−
p2−
, (80)
f1(p, q, r) =
i8
3
(q, r)
p−(q− + r−)
, (81)
f21(p, q, r, l) = f1(p+ q, r, l) Γ(p + q, p, q)− f1(p, q + r, l)
(
q− + r−
r−
)
Γ(−r,−q − r, q)
−f1(q, r, p + l)
(
l− + p−
l−
)
Γ(−l, p,−l − p)
+2
[(
q− − p−
q− + p−
)(
l− − r−
l− + r−
)
− 1
]
, (82)
f22(p, q, r, l) = −f1(p, q, r + l)
(
l− + r−
l−
)
Γ(−l,−l − r, r) + 2
−f1(p, q + r, l)
(
q− + r−
q−
)
Γ(−q, r,−q − r) . (83)
We now substitute the expressions for the Γ coefficients. Employing the delta function and
writing f21 and f22 in terms of the independent momentum variables, we obtain
f21(p, q, r, l) =
16
9
p−(q− + r−)2(q, r)
q2−l−(q + r, l)
+
16
9
q−(q− + r−)2(q + r, l)
p2−r−(q, r)
−16
9
q−p−(r, l)
(r− + l−)2(r + l, q)
+
4(q−r− + l−p−)
(r− + l−)2
, (84)
f22(p, q, r, l) = 2 +
16
9
r−
p2−
[
(q− + r−)2(q + r, l)
q−(q, r)
+
(l− + r−)2(l + r, q)
l−(l, r)
]
. (85)
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In order to make the colour structure of the new Lagrangian more transparent, it is convenient
to write the interaction vertices in terms of commutators,
Lχ,χ˜ = Tr
∫
dθ dp f0(p) χ˜−p χp
+g Tr
∫
dθ dp dk dl δ(p + k + l) g1(p, k, l) χp [χ˜k , χ˜l]
+g2Tr
∫
dθ dp dq dr dl δ(p + q + r + l) g21(p, q, r, l) [χp , χq] [χ˜r , χ˜l]
+g2Tr
∫
dθ dp dq dr dl δ(p + q + r + l) g22(p, q, r, l) [χp , χ˜q] [χr , χ˜l] . (86)
Expanding the commutators, and relabelling momenta, it is easy to arrive at the following
relations
f1(p, q, r) = g1(p, q, r)− g1(p, r, q) , (87)
f21(p, q, r, l) = g21(p, q, r, l) − g21(p, q, l, r)− g21(q, p, r, l) + g21(q, p, l, r)
− g22(q, r, p, l) − g22(p, l, q, r) , (88)
f22(p, q, r, l) = g22(p, q, r, l) + g22(p, l, r, q) . (89)
From the above the relations, we derive the symmetry properties of f1, f21 and f22, as
f1(p, q, r) = −f1(p, r, q) , (90)
f21(p, q, r, l) = f21(q, p, l, r) , (91)
f22(p, q, r, l) = f22(p, l, r, q) , (92)
which can be readily verified using the explicit expressions for f1, f21 and f22 given in (81),
(84) and (85).
Our task is now to determine the form of the coefficients g1, g21 and g22. It is easy to see
that
g1(p, q, r) =
1
2
f1(p, q, r) =
i4
3
(q, r)
p−(q− + r−)
. (93)
The derivation of the other two coefficients, g21 and g22, is slightly more lengthy, but straight-
forward. They are
g21(p, q, r, l) =
16
9
p−
q2−
(q− + r−)2(q, r)
l−(q + r, l)
− 4
9
q−p−(r, l)
(r− + l−)2(r + l, q)
, (94)
g22(p, q, r, l) =
16
9
r−
p2−
(q− + r−)2(q + r, l)
q−(q, r)
− 2 (q−p− + l−r−)
(q− + l−)2
, (95)
where p+ q + r + l = 0.
Using the explicit expressions for the coefficients Γ and Ξ in (48) and (55) it is possible,
though tedious, to derive higher order vertices in the MHV Lagrangian. We will not present
these calculations here.
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5 Component Lagrangian
In this section we discuss the form of the gluon MHV vertices arising from the component
expansion of the superspace Lagrangian given in the previous section. These gluon vertices
should coincide with those in the pure Yang–Mills MHV Lagrangian [22]. This will thus allow
us to test our superspace result. We will carry out the comparison for terms up to order g2,
i.e. we will consider cubic and quartic vertices.
We obtained the superfield redefinition requiring that the transformation be canonical
and eliminate the non-MHV cubic vertex,
L(−+)
φ,φ¯
+ L(−++)
φ,φ¯
→ L(−+)χ,χ˜ .
The explicit form of the redefinition derived in section 3.1 to order g is
φp = χp + g
∫
qr
δ(p − q − r) Γp,q,r χq χr +O(g2) ,
φ¯p = χ˜p − g
∫
qr
δ(p − q − r)
{
p−
q−
Γ−q,r,−p χ˜q χr +
p−
r−
Γ−r,−p,q χq χ˜r
}
+O(g2) .
These can easily be inverted to obtain
χp = φp − g
∫
qr
δ(p − q − r) Γp,q,r φq φr +O(g2) ,
χ˜p = φ¯p + g
∫
qr
δ(p − q − r)
{
p−
q−
Γ−q,r,−p φ¯q φr +
p−
r−
Γ−r,−p,q φq φ¯r
}
+O(g2) . (96)
Since we are focussing on the gluon contributions only, we can set all other components in φ
and φ¯ to zero and use 9
φp = − 1
ip−
Ap e
− i√
2
(θθ¯)ip− − 1
12
〈θ〉4 ip− A¯p ,
φ¯p = − 1
ip−
A¯p e
i√
2
(θθ¯)ip− − 1
12
〈θ¯ 〉4 ip−Ap . (97)
In order to make contact with the known form of the MHV gluon couplings we then need to
express the component fields, A and A¯, in terms of the new fields describing the two helicities
of the gluons, B and B˜. We use the form of the field redefinition derived in [21, 22] for the
Yang–Mills case. The details of the calculation are presented in appendix F. The form of
χ and χ˜ in terms of B and B˜ is given in (161) and (162). Substituting these expressions
into our superspace Lagrangian (86) reproduces exactly the cubic and quartic vertices in the
MHV Lagrangian of [21,22],
L
(−−+)
B,B˜
= − i
2
∫
qr
δ(p + q + r)
r−(p, q)3
p−q−(p, r)(r, q)
Tr
(
B˜p B˜q Br
)
(98)
and
L
(−−++)
B,B˜
=
1
2
∫
qrs
δ(p + q + r + s)
{
2 r−s−(p, q)4
p−q−(p, q)(q, r)(r, s)(s, p)
Tr
(
B˜p B˜q Br Bs
)
+
q−s−(p, r)4
p−r−(p, q)(q, r)(r, s)(s, p)
Tr
(
B˜pBq B˜r Bs
)}
. (99)
9Here and in the following we use the notation 〈θ〉4 to denote εmnpqθ
mθnθpθq , and similarly for 〈θ¯〉4. We
will also write
(
θmθ¯m
)
as just
(
θθ¯
)
.
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6 Discussion
In this paper we constructed a MHV Lagrangian for N = 4 SYM in light-cone superspace.
Through a canonical change of variables we obtained a non-polynomial Lagrangian consisting
of MHV vertices involving two superfields, denoted by χ˜, of helicity −1 and an arbitrary
number of superfields of helicity +1, denoted by χ. Our Lagrangian takes the manifestly
MHV form
Lχ,χ˜ =
∫
Σ
d3xd4θ d4θ¯
L(−+)χ,χ˜ + ∞∑
k=1
L(−−
k︷ ︸︸ ︷
+ · · ·+)
χ,χ˜
 (100)
and we explicitly determined to all orders the form of the coefficients in the series expressing
the superfields, χ and χ˜, in this equation in terms of the original N = 4 superfields, φ and
φ¯. Both the derivation and the final expression we obtained bear a close similarity with the
construction of [22, 23] for pure Yang–Mills. In our reformulation of the theory, as in the
original description in light-cone superspace, the full N = 4 supersymmetry as well as the
SU(4)R R-symmetry are manifestly realised.
As mentioned in the introduction, a MHV Lagrangian for N = 4 SYM in light-cone
superspace has previously been proposed in [24]. The approach taken in that paper differs
from ours in some essential respects. The N = 4 Lagrangian in light-cone superspace can
be written in terms of the single superfield φ. This is achieved by eliminating φ¯ using the
constraints (22), which imply
φ¯ =
1
48
〈d¯ 〉4
∂2−
φ , (101)
with 〈d¯ 〉4 = εmnpqd¯md¯nd¯pd¯q. This leads to a different form of the N = 4 Lagrangian [31],
in which φ has the component expansion (23), but is otherwise treated as unconstrained.
This form of the Lagrangian was used as a starting point in [24]. This approach has the
advantage that one need not worry about constraints for the single redefined superfield, χ in
our notation. However, in this formulation the helicity structure of the N = 4 Lagrangian is
somewhat obscured. This is because the helicity content of the various vertices depends not
only on the combination of superfields they contain, but also on the explicit chiral derivatives,
d¯m, which carry U(1) charge. We have therefore chosen to take as our starting point the light-
cone superspace Lagrangian (25)-(26), written in terms of both φ and φ¯. As a consequence
we had to construct our canonical transformation on constrained superfields. This led to
the need of determining the new constraints satisfied by the redefined superfields, χ and χ˜,
in order to ensure that our MHV Lagrangian describe the correct degrees of freedom. Our
approach has, however, the advantage of making the helicity structure of the new Lagrangian
more transparent, with all vertices being manifestly MHV.
We have shown explicitly up to order g2, that our superspace Lagrangian reproduces the
known gluon vertices in the MHV Lagrangian for pure Yang–Mills [21–23]. The analysis
of the Lagrangian in component fields, needed for this comparison, revealed an unexpected
feature. Because the component fields in χ and χ˜ are themselves infinite series in the redefined
component fields of [22] and their super-partners, we found that the four gluon MHV vertex
gets contribution from both L(−−++)χ,χ˜ and the order g term in L
(−−+)
χ,χ˜ . In general, the MHV
vertex with n positive helicity gluons receives contribution from all the superspace vertices
in (100) with k ≤ n. This is a drawback of our formalism as it limits the usefulness of the
Lagrangian (100) as a tool for computing amplitudes.
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However, as stated in the introduction, our main interest is not in developing a computa-
tional tool, but rather in constructing a formalism which may prove useful in the study of the
origin and implications of the some of the remarkable features of the N = 4 scattering am-
plitudes. In particular a manifestly supersymmetric approach appears to be crucial in order
to explain the dual (super)conformal properties of non-MHV amplitudes [27]. We therefore
believe that our formalism will be useful in the study of the dual superconformal symmetry.
It should also be noted that the light-cone superspace formulation of N = 4 SYM (and its
MHV version developed in this paper) closely resembles the on-shell superspace considered
in [27], while having the advantage of being suitable for off-shell calculations as well. In
view of this we expect that our results will be useful to further develop the work initiated
in [33,34].
Another natural application of our formalism is in connection with the supersymmetry
properties the of N = 4 scattering amplitudes discussed in [36]. Both the selection rules
for various types of MHV and NkMHV amplitudes and the supersymmetry and R-symmetry
Ward identities discussed in these papers should have a simple formulation using our MHV
light-cone formalism.
Scattering amplitudes in theories obtained as marginal deformations of N = 4 SYM share
many of the properties observed in the parent theory [37]. It will be interesting to study the
generalisation of our results to the case of β-deformations (both supersymmetric and non) of
N = 4 SYM. Such generalisations should be straightforward using the light-cone superspace
formulation of these theories given in [38].
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A Some conventions and useful formulae
We define the Fourier transform of a superfield, ψ(x, θ, θ¯), in light-cone superspace as 10
ψˆ(x+; k−, k, k¯, θ, θ¯) =
∫
dx− dxdx¯ eik·x ψ(x+;x−, x, x¯, θ, θ¯) , (102)
where we indicated explicitly the dependence on the time variable, x+, which is not trans-
formed and k · x = k−x− + kx+ k¯x¯. The inverse Fourier transform is
ψ(x+;x−, x, x¯, θ, θ¯) =
∫
dk− dk dk¯
(2pi)3
e−ik·x ψˆ(x+; k−, k, k¯, θ, θ¯) . (103)
When working with the action,
S =
∫
dx+ Lφ,φ¯ , (104)
10As usual in computing Fourier transforms in superspace the fermionic coordinates are left untouched.
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we can further Fourier transform in the time variable. Therefore the N = 4 action (25) can
be re-written in momentum space as
S = 72
∫
d4θ d4θ¯Tr
{∫
d4p1
(2pi)4
2 ˆ¯φ(−p1)
p21µ
p21−
φˆ(p1)
−8ig
3
∫
d4p1
(2pi)4
d4p2
(2pi)4
1
(p1− + p2−)
(
p¯2
ˆ¯φ(−p1 − p2)[φˆ(p1), φˆ(p2)] + p2 φˆ(−p1 − p2)[ ˆ¯φ(p1), ˆ¯φ(p2)]
)
−2g2
∫
d4p1
(2pi)4
d4p2
(2pi)4
d4p3
(2pi)4
(
p1−p3−
(p2− + p3−)2
[φˆ(−p1 − p2 − p3), φˆ(p1)][ ˆ¯φ(p2), ˆ¯φ(p3)]
−1
2
[φˆ(−p1 − p2 − p3), ˆ¯φ(p1)][φˆ(p2), ˆ¯φ(p3)]
)}
, (105)
where we omitted the θ and θ¯ arguments in the superfields and p2µ = 2(−p+p− + pp¯).
In superspace integrals the 1∂− operator can be “integrated by parts”. For generic super-
fields f(x, θ, θ¯) and g(x, θ, θ¯) we have∫
d12z f(z)
1
∂−
g(z) =
∫
d12z
∂−
∂−
f(z)
1
∂−
g(z)
= −
∫
d12z
1
∂−
f(z)
∂−
∂−
g(z) = −
∫
d12z
1
∂−
f(z)g(z) , (106)
where z = (x+, x−, x, x¯, θm, θ¯m) and d12z = d4xd4θ d4θ¯.
For any arbitrary function, X(φ), of the N = 4 superfield, φ, satisfying (22), the following
identity holds [39] ∫
Σ
d3xd4θ d4θ¯ Tr
(
1
∂2−
φ¯[φ,X(φ)]
)
= 0 . (107)
Using this relation, the non-MHV cubic vertex in the N = 4 Lagrangian can be re-written as∫
Σ
d3xd4θ d4θ¯Tr
(
1
∂−
φ[φ¯, ∂φ¯]
)
=
∫
Σ
d3xd4θ d4θ¯Tr
(
1
∂−
φ¯
1
∂−
[∂−φ, ∂¯φ]
)
. (108)
B Constraints in light-cone superspace
In this section we discuss the constraint relations used to define irreducible representations
in light-cone superspace. We also provide further details on the constraints satisfied by the
new superfields, χ and χ˜, used in the manifestly MHV Lagrangian.
In section 2.2 we introduced light-cone superspace as parametrised by the coordinates
(x+, x−, x, x¯, θm, θ¯m). In discussing chiral superfields it is convenient to consider the change
of variables
(x+, x−, x, x¯; θm, θ¯m) → (y+ ≡ x+, y− ≡ x− − i√
2
θmθ¯m, y ≡ x, y¯ ≡ x¯, ηm ≡ θm, η¯m ≡ θ¯m).
(109)
In terms of these ‘chiral’ coordinates the superspace derivatives, dm and d¯m, take the form
dm = − ∂
∂θ¯m
, d¯m =
∂
∂θm
− i
√
2θ¯m∂− . (110)
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So a chiral superfield, ψ(x, θ, θ¯), as a function of the coordinates (109) satisfies
− ∂
∂θ¯m
ψ(y, θ, θ¯) = 0 . (111)
The component expansion of ψ, in the original superspace coordinates, is thus
ψ(x, θ, θ¯) = a(0)(y)+a(1)(y)[θ]+a(2)(y)[θ]2+a(3)(y)[θ]3+a(4)(y)[θ]4 =
4∑
n=0
a(n)(y)[θ]n , (112)
where the right hand side is understood as a power expansion around x− and we are using
the notation [θ]n to denote the product of n θ’s. We can also write ψ as
ψ(x, θ, θ¯) = e
− i√
2
θθ¯∂−
4∑
n=0
a(n)(x)[θ]n . (113)
In momentum space the chiral derivatives (20) become
dˆmk = −
∂
∂θ¯m
− 1√
2
θmk− , ˆ¯dm,k =
∂
∂θm
+
1√
2
θ¯mk− . (114)
A chiral superfield in momentum space satisfies
dˆmk ψˆ(k, θ, θ¯) = 0 (115)
and has the general expansion
ψˆ(k, θ, θ¯) = e
1√
2
k−θθ¯
4∑
n=0
aˆ(n)(k)[θ]n , (116)
Notice, however, that
dˆmk ψˆ(p, θ, θ¯) 6= 0 for p 6= k . (117)
Therefore products of chiral superfields, such as
ψˆ(k1, θ, θ¯)ψˆ(k2, θ, θ¯) · · · ψˆ(kn, θ, θ¯) , (118)
are not chiral.
B.1 Chirality of the new superfield
The canonical change of variables which puts the N = 4 action in the MHV form gives χ (in
momentum space) as
χˆ(p, θ, θ¯) = φˆ(p, θ, θ¯) + g
∫
Σˆ
d3k d3l f1(p; k, l)δ
(3)(p− k − l)φˆ(k)φˆ(l) +O(g2) , (119)
where f1(p; k, l) is a known function, whose exact form will not be important for the discussion
in this section. The observations at the end of the previous subsection would suggest that the
superfield (119) is only chiral at leading order, since the order g term involves the product
of chiral superfields with different arguments. It is not difficult, however, to show that χˆ is
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actually chiral. Let us start with the truncation to order g. Since φ is chiral, its Fourier
transform is of the form
φˆ(p, θ, θ¯) = e
1√
2
p−θθ¯
4∑
n=0
aˆ(n)(p) [θ]n . (120)
Substituting into (119) we get
χˆ(p, θ, θ¯) = φˆ(p, θ, θ¯) + g
4∑
m,n=0
[θ]m[θ]n
∫
d3k d3l f1(p; k, l)δ
(3)(p− k − l)aˆ(m)(k)aˆ(m)(l)e 1√2 (k−+l−)θθ¯
= φˆ(p, θ, θ¯) + g
4∑
m,n=0
[θ]m[θ]n
∫
d2k d2l δ(2)(p − k − l) (121)
×
∫
dk− dl−f1(p; k, l)aˆ(m)(k)aˆ(n)(l)δ(p− − k− − l−)e
1√
2
(k−+l−)θθ¯
= φˆ(p, θ, θ¯) + g
4∑
m,n=0
[θ]m[θ]ne
1√
2
p−θθ¯
∫
d3k d2l δ(2)(p− k − l)
[
f1(p; k, l)aˆ
(m)(k)aˆ(n)(l)
]∣∣∣
l−=p−−k−
,
where in the last step we have computed the l− integral using the δ-function. The final
expression can be rewritten as
χˆ(p, θ, θ¯) = e
1√
2
p−θθ¯
4∑
n=0
bˆ(n)(p) [θ]n , (122)
with
bˆ(n)(p) = aˆ(n)(p) + g
4∑
m=0
∫
d3k d2l δ(2)(p− k − l)
[
f1(p; k, l)aˆ
(m)(k)aˆ(n−m)(l)
]∣∣∣
l−=p−−k−
.
(123)
Therefore χˆ at order g is chiral, since it has the dependence on θ and θ¯ which characterises
chiral superfields in momentum space. However, the momentum space component fields,
bˆ(n)(p), take a rather complicated form.
The generalisation to all orders is straightforward. The term of order gn in χˆ is of the
form
gn
4∑
m1,...,mn+1=0
[θ]m1 · · · [θ]mn+1
∫
d3k1 · · · d3kn+1 fn(p; k1, . . . , kn+1) δ(3)(p− k1 − · · · − kn+1)
× aˆ(m1)(k1) · · · aˆ(mn+1)(kn+1) e
1√
2
(k1−+···+kn+1−)θθ¯ , (124)
for some function fn(p; k1, . . . , kn+1). Proceeding as in (121) we can perform the integration
over (kn+1)− using the δ-function. This produces the correct exponential required for the
chirality of the above expression,
e
1√
2
(k1−+···+kn+1−)θθ¯
∣∣∣
kn+1−=p−−k1−−···−kn−
−→ e 1√2p−θθ¯ . (125)
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Then we can rewrite (124) in a manifestly chiral form,
e
1√
2
p−θθ¯
4∑
m=0
bˆ(m)n (p) [θ]
m , (126)
where
bˆ(m)n (p) = g
n
4∑
m1,...,mn=0
∫
d3k1 · · · d3knd2kn+1 δ(2)(p− k1 − · · · kn+1) (127)
×
[
fn(p; k1, . . . , kn+1) aˆ
(m1)(k1) · · · aˆ(mn)(kn)aˆ(m−m1−···−mn)(kn+1)
]∣∣∣
kn+1−=p−−k1−−···−kn−
.
Therefore the redefined superfield χˆ(p, θ, θ¯) is indeed chiral,
dˆmp χˆ(p, θ, θ¯) = 0 , (128)
although this is not obvious from the expression of χˆ in terms of φˆ. It is the presence of the
δ-function in the field redefinition which guarantees that the χˆ has the correct dependence
on the θ and θ¯ variables for a chiral superfield.
We now outline the derivation of the condition (70) satisfied by the superfield χ˜. In
position space the inverse field redefinition expressing χ˜ in terms of φ and φ¯ reads
χ˜(x, θ) = φ¯(x, θ)− i2
3
g
∂−
∂1−
∂2−∂−
(∂1, ∂2)
φ¯(x, θ)φ(x, θ)− i2
3
g
∂−
∂2−
∂1−∂−
(∂1, ∂2)
φ(x, θ) φ¯(x, θ) +O(g2),
(129)
where (∂1, ∂2) ≡ (∂1−∂2 − ∂2−∂1). Here, using the position space derivative conventions
of [21], the subscript ‘1’ in ∂1 denotes that the derivative acts on the first superfield only,
and so on 11. Acting with d¯m on this expression and using the fact that φ¯ is anti-chiral, we
get
d¯mχ˜ = −i2
3
g
∂−
∂1−
∂2−∂−
(∂1, ∂2)
φ¯
(
d¯mφ
)− i2
3
g
∂−
∂2−
∂1−∂−
(∂1, ∂2)
(
d¯mφ
)
φ¯+O(g2) . (130)
Using (65) we then obtain
d¯mχ˜ = −i2
3
g
i
6
√
2
εmnpq
∂2−
(∂1, ∂2)
{
∂2−
∂1−
φ¯
(
dndpdq
1
∂−
φ¯
)
+
∂1−
∂2−
(
dndpdq
1
∂−
φ¯
)
φ¯
}
+O(g2).
(131)
Moving ∂2− to the left hand side and identifying φ¯ with χ˜ at zero-th order leads to the
schematic form in (70). We can further simplify this equation using the definitions of the ∂1−
and ∂2− operators to obtain
d¯mχ˜ = −i2
3
g
i
6
√
2
εmnpq
∂2−
(∂1, ∂2)
{(
1
∂−
φ¯
)(
dndpdqφ¯
)
+
(
dndpdqφ¯
)( 1
∂−
φ¯
)}
+O(g2). (132)
11As an example, consider the inverse transformation
χp = φp − i
2
3
g
∫
qr
δ(p− q − r)
q−r−
q−r − r−q
φq φr.
This can symbolically be expressed in position space as
χ(x) = φ(x)− i
2
3
g
∂1−∂2−
(∂1, ∂2)
φ(x)φ(x).
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B.2 “Inside-out” relations between χ and χ˜
We begin with the χ˜ transformation in momentum space (see appendix E)
χ˜1 =
∞∑
n=2
gn−2
∫
2...n
δ(p1 − p2 − · · · − pn)
n∑
s=2
p1−
ps−
Γn,sχ2 · · ·χs−1φ¯sχs+1 · · ·χn. (133)
Now making use of the constraint relations dˆmχ(p) = 0 (see appendix B.1) and (62), which
in momentum space is dˆ4φ¯(p) ∼ p2−φp, it is straightforward to see that
dˆadˆbdˆcdˆdχ˜1 = 2ε
abcd
∞∑
n=2
gn−2
∫
2...n
δ(p1 − p2 − · · · − pn)
n∑
s=2
p1−
ps−
p2s−Γ
n,sχ2 . . . χs−1φsχs+1 . . . χn. (134)
We substitute for φs in (134) using the expansion in (48),
φ1 =
∞∑
n=2
gn−2
∫
2...n
δ(3)(p1 − p2 − · · · − pn)Γ1,2,...,nχ2 . . . χn, (135)
to get a relation in position space of the form
d4
∂2−
χ˜ ∼ χ+ gχ2 + g2χ3 + · · · .
The exact relation in position space is
dmdndpdqχ˜ = 2 εmnpq
{
∂2−χ+ i
2
3
g
[
∂1−∂2−
(∂1, ∂2)
∂2− (χχ) (136)
− ∂−
∂1−
∂−∂2−
(∂1, ∂2)
(
∂2−χ
)
χ− ∂−
∂2−
∂−∂1−
(∂1, ∂2)
χ
(
∂2−χ
)]
+O(g2)
}
.
Proceeding from (133) in a similar manner and making use of (65), we derive
d3
∂−
χ˜ ∼ d¯χ+ gχd¯χ+ g2χ2d¯χ+ · · · , (137)
which is explicitly
dmdndpχ˜ = −i
√
2 εmnpq
{
∂−d¯qχ+ i
2
3
g
[
∂1−∂2−
(∂1, ∂2)
∂−
(
(d¯qχ)χ+ χ(d¯qχ)
)
(138)
− ∂−
∂1−
∂−∂2−
(∂1, ∂2)
(
∂−d¯qχ
)
χ− ∂−
∂2−
∂−∂1−
(∂1, ∂2)
χ
(
∂−d¯qχ
)]
+O(g2)
}
.
Similarly, using respectively (64), (63) and the second relation in (61), we derive
d2χ˜ ∼ d¯ 2χ+ gd¯χd¯χ+ gχd¯ 2χ+ g2χd¯χd¯χ+ g2χ2d¯ 2χ+ · · · , (139)
∂−dχ˜ ∼ d¯ 3χ+ gd¯χd¯ 2χ+ gχd¯ 3χ+ · · · , (140)
and
∂2−χ˜ ∼ d¯ 4χ+ gd¯ 2χd¯ 2χ+ gd¯χd¯ 3χ+ gχd¯ 4χ+ · · · . (141)
It is straightforward, though tedious, to work out the coefficients at all orders. We will not
present the details here.
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C General form of the coefficients Γ1,2,...,n: proof by induction
We want to prove that
Γ+,2,...,m =
(
i
2
3
)m−2 p2−p23−p24− . . . p2(m−1)−pm−
(p2 , p3)(p3 , p4) . . . (pm−1 , pm)
, ∀m ≥ 3. (142)
This can be done by induction on m. The expressions in (53) provide the initial step. We
now assume that (142) is true for all m ≤ n− 1. We then need to show that (142) is true for
m = n as well.
Substituting for the Γ’s on the r.h.s. in the recurrence relation (52), we get
Γ1,2,...,n = −2i
3
1
ω
n−1∑
j=2
[{(p2 + · · ·+ pj) , (pj+1 + · · · + pn)}
p2− + p3− + · · · + pn−
×
(
2i
3
)j−2 p2−p23− · · · pj−
(p2 , p3) . . . (pj−1 , pj)
(
2i
3
)n−j−1 p(j+1)−p2(j+2)− · · · pn−
(pj+1 , pj+2) · · · (pn−1 , pn)
]
.
Then we multiply and divide by
(pj , pj+1)
pj−p(j+1)−
and pull the j independent factors out of the
sum to obtain
Γ1,2,...,n =
(
2i
3
)n−2 p2−p23− . . . p2(n−1)−pn−
(p2 , p3)(p3 , p4) . . . (pn−1 , pn)
[ −1
ω(p2− + p3− + · · ·+ pn−)
×
n−1∑
j=2
{(p2 + · · · + pj), (pj+1 + · · · + pn)} (pj , pj+1)
pj−p(j+1)−
 .
If we can show that, when p1 = p2 + · · · + pn, the expression within the square brackets is
equal to one, the proof is complete. It is easy to see that this is indeed the case,
1
ω(p2− + p3− + · · ·+ pn−)
n∑
j=2
pj
pj−
{pj, p2 + · · ·+ pn}
=
1
ω(p2− + · · · + pn−)
[
(p2 + · · · + pn) (p¯2 + · · · + p¯n)
−
(
p2p¯2
p2−
+ · · · + pnp¯n
pn−
)
(p2− + · · · + pn−)
]
=
1
ω
(ω1 − ω2 − ω3 − · · · − ωn) = 1 , (143)
since p1 = p2 + · · · + pn, ωi ≡ pip¯ipi− and ω by definition is (ω1 − ω2 − ω3 − · · · − ωn).
D φ¯ to all orders
To extract a recurrence relation, we use the fact that
Tr
∫
d3xdθ
1
∂−
φ¯ ∂+φ = Tr
∫
d3xdθ
1
∂−
χ˜ ∂+χ. (144)
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From the expansion for φ in (48), since all the fields have the same x+ dependence and none
of the Γ coefficients depend on x+, we have
∂+φ1 =
∞∑
n=2
gn−2
n∑
r=2
∫
2...n
δ(p1 − p2 − · · · − pn)Γ1,2,...,nχ2 . . . χr−1∂+χrχr+1 . . . χn. (145)
Substituting (55) and (145) in (144), then using the cyclic property of the trace to move
χ˜ to the front of each string and matching the position of ∂+χ in the strings by carefully
relabelling, we arrive at the following recurrence relation
ΞN−LL,L+1,...,N−1,2,...,L−1 =
−
N−L−1∑
k=3−L
L−2∑
r=1︸ ︷︷ ︸ Ξ
r+k
−,N−r−k+1,N−r−k+2,...,N−1,2,...,L−r Γ+,L−r+1,...,N−r−k ,
1≤r+k≤N−L; (146)
r 6=1 when
k=N−L−1
for all N ≥ 5 and for each L ∈ {3, 4, . . . , N − 1}. Here Ξ1j,k = δj,−k and Ξ−,j,k denotes
Ξ−j−k,j,k.
In the argument of Ξ, in the increasing sequence {(N−r−k+1), (N−r−k+2), . . . , (N−1)},
if for some (r, k) the first term becomes greater than (N − 1), the entire sequence is to be
discarded from the argument. Then the second argument becomes ‘2’, which is next to
(N − 1). For instance at order g, that is N = 5, and for L = 3, r is restricted to be ‘1’, and
when k = 0, the sequence becomes {5, 6, ...4} (since N − r − k + 1 = 5 − 1 − 0 + 1 = 5).
Hence the entire sequence will be discarded in the argument and Ξ will look like Ξ1−,2 (since
L− r = 3− 1 = 2). As another example, for the same order (N = 5) and L = 4, when k = 0
and r = 1 the sequence reads {5, 6, . . . , 4} and hence is discarded. Then Ξ with arguments
becomes Ξ1−,2,3. Also remember that because of momentum conservation, argument ‘−’ in Ξ
is equal to argument ‘+’ in the connected Γ.
We iterate (146) explicitly for the first few cases, to get
Ξ11,2,3 = −Γ−2,3,1 ,
Ξ21,2,3 = −Γ−3,1,2 ,
Ξ11,2,3,4 = −Γ−2,3,4,1 + Γ1+4,4,1 Γ−2,3,1+4 ,
Ξ21,2,3,4 = −Γ−3,4,1,2 + Γ1+2,1,2 Γ−3,4,1+2 + Γ1+4,4,1 Γ−3,1+4,2 ,
Ξ31,2,3,4 = −Γ−4,1,2,3 + Γ1+2,1,2 Γ−4,1+2,3 .
These Ξ’s can be drastically simplified employing momentum conservation, p1+p2+· · ·+pn =
0, and substituting the Γ coefficients (142). Explicitly,
Ξ1−,2,3 =
p1−
p2−
Γ+,2,3 ; Ξ
2
−,2,3 =
p1−
p3−
Γ+,2,3 ;
Ξ1−,2,3,4 =
p1−
p2−
Γ+,2,3,4 ; Ξ
2
−,2,3,4 =
p1−
p3−
Γ+,2,3,4 ; Ξ
3
−,2,3,4 =
p1−
p4−
Γ+,2,3,4.
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For the general term we find
Ξs−1−,2,...,m =
p1−
ps−
Γ+,2,...,m , (147)
where m ≥ 3 and 2 ≤ s ≤ m. The form of the generating functional used to define the new
superfields ensures that the terms in the old and new Lagrangians involving ∂+ cancel each
other. This is precisely the requirement (144) which we used to express the Ξ coefficients
in terms of the Γ coefficients. In the case of pure Yang–Mills [23], the starting point in
computing the Ξ coefficients in terms of what those authors denote as Υ coefficients is also
quite similar. It then comes as no surprise that our final expression for the Ξ’s in terms of the
Γ’s closely matches the result in pure Yang–Mills for the corresponding coefficients, which
is [23]
Ξs−11,2,...,n = −
ps−
p1−
Υ1,2,...,n .
The proof of (147) is obtained by induction. We already have the initial step. We now assume
that (147) is true for all m ≤ n− 1 and all 2 ≤ s ≤ m. We want to show that (147) holds for
m = n, and all 2 ≤ s ≤ n.
Let N = n+ 2 in (146). Then
Ξn−L+2L,L+1,...,n+1,2,...,L−1 =
−
n−L+1∑
k=3−L
L−2∑
r=1︸ ︷︷ ︸ Ξ
r+k
−,n−r−k+3,n−r−k+4,...,n+1,2,...,L−r Γ+,L−r+1,...,n−r−k+2 ,
1≤r+k≤n−L+2; (148)
r 6=1 when
k=n−L+1.
for all n ≥ 3 and for each L ∈ {3, 4, . . . , n + 1}. We can now substitute for Ξ and Γ on the
r.h.s. to get∑∑ p(n−r−k+3)− + · · · + p(n+1)− + p2− + · · · + p(L−r)−
p(r+k+1)−
(149)
×Γ+,(n−r−k+3),...,(n+1),2,...,L−r Γ+,L−r+1,...,n−r−k+2 .
Multiplying and dividing by
(p(L−r), p(L−r+1))
p(L−r)−p(L−r+1)−
, we simplify this to
∑∑ p(n−r−k+3)− + · · ·+ p(L−r)−
p(r+k+1)−
(
ξ(L−r+1) − ξ(L−r)
)
Γ+,(n−r−k+3),...,(n+1),2,...,(n−r−k+2) ,
where ξk ≡ pkpk− . We have to deal with each value of L one by one. We will prove the claim for
L = n+ 1, and not show similar proofs for other values of L. When we substitute L = n+ 1
28
in (148), it becomes
Ξ1n+1,2,...,n =
−
0∑
k=2−n
n−1∑
r=1︸ ︷︷ ︸
p(n−r−k+3)− + · · ·+ p(L−r)−
p(r+k+1)−
(ξL−r+1 − ξL−r) Γ+,(n−r−k+3),...,(n+1),2,...,(n−r−k+2)
1≤r+k≤1; (150)
r 6=1 when
k=0.
=
[(
p2− + · · ·+ p(n−1)−
p2−
)
(ξn − ξn−1) +
(
p2− + · · ·+ p(n−2)−
p2−
)
(ξn−1 − ξn−2)
+
(
p2−
p2−
)
(ξ3 − ξ2)
]
Γ+,2,...,n+1
=
[
p2− + · · ·+ p(n−1)−
p2−
ξn −
p(n−1)−
p2−
ξn−1 −
p(n−2)−
p2−
ξn−2 − · · · − p3−
p2−
ξ3 − p2−
p2−
ξ2
]
=
1
p2−pn−
(p2 + p3 + · · · + pn−1, pn) Γ+,2,...,n+1
=
p(n+1)−
p2−
Γ+,2,...,n , (151)
as p2 + p3 + · · · + pn + pn+1 = 0.
E χ˜ transformation
The explicit form of the transformation (55) for φ¯ in momentum space is given by
φ¯1 = χ˜1 + g
∫
23
δ(p1 − p2 − p3)
(
p1−
p2−
Ξ1−1,2,3 χ˜2χ3 +
p1−
p3−
Ξ2−1,2,3 χ2χ˜3
)
+ g2
∫
234
δ(p1 − p2 − p3 − p4)(
p1−
p2−
Ξ1−1,2,3,4 χ˜2χ3χ4 +
p1−
p3−
Ξ2−1,2,3,4 χ2χ˜3χ4 +
p1−
p4−
Ξ3−1,2,3,4 χ2χ3χ˜4
)
+ O(g3) . (152)
From this we get
χ˜1 = φ¯1 − g
∫
23
δ(p1 − p2 − p3)
(
p1−
p2−
Ξ1−1,2,3 φ¯2χ3 +
p1−
p3−
Ξ2−1,2,3 χ2φ¯3
)
− g2
∫
234
δ(p1 − p2 − p3 − p4)(
p1−
p2−
Ξ1−1,2,3,4 φ¯2χ3χ4 +
p1−
p3−
Ξ2−1,2,3,4 χ2φ¯3χ4 +
p1−
p4−
Ξ3−1,2,3,4 χ2χ3φ¯4
)
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+ g2
∫
2345
δ(p1 − p2 − p3)δ(p2 − p4 − p5)(
p1−
p2−
p2−
p4−
Ξ1−1,2,3Ξ
1
−2,4,5 φ¯4χ5χ3 +
p1−
p2−
p2−
p5−
Ξ1−1,2,3Ξ
2
−2,4,5 χ4φ¯5χ3
)
+ g2
∫
2345
δ(p1 − p2 − p3)δ(p3 − p4 − p5)(
p1−
p3−
p3−
p4−
Ξ2−1,2,3Ξ
1
−3,4,5 χ2φ¯4χ5 +
p1−
p3−
p3−
p5−
Ξ2−1,2,3Ξ
2
−3,4,5 χ2χ4φ¯5
)
+ O(g3) , (153)
which is easily verified order by order by substituting for φ¯ from (152).
By relabelling momenta in (153), we arrive at
χ˜1 = φ¯1 − g
∫
23
δ(p1 − p2 − p3)
(
p1−
p2−
Ξ1−1,2,3 φ¯2χ3 +
p1−
p3−
Ξ2−1,2,3 χ2φ¯3
)
− g2
∫
234
δ(p1 − p2 − p3 − p4)
{
p1−
p2−
(
Ξ1−1,2,3,4 − Ξ1−1,2+3,4Ξ1−(2+3),2,3
)
φ¯2χ3χ4
+
p1−
p3−
(
Ξ2−1,2,3,4 − Ξ1−1,2+3,4Ξ2−(2+3),2,3 − Ξ2−1,2,3+4Ξ1−(3+4),3,4
)
χ2φ¯3χ4
+
p1−
p4−
(
Ξ3−1,2,3,4 − Ξ2−1,2,3+4Ξ2−(3+4),3,4
)
χ2χ3φ¯4
}
+ O(g3). (154)
We use the following relations from (146)
Ξ11,2,3 = −Γ−2,3,1 ;
Ξ21,2,3 = −Γ−3,1,2 ;
Ξ11,2,3,4 = −Γ−2,3,4,1 + Γ1+4,4,1Γ−2,3,1+4 ;
Ξ21,2,3,4 = −Γ−3,4,1,2 + Γ1+2,1,2Γ−3,4,1+2 + Γ1+4,4,1Γ−3,1+4,2 ;
Ξ31,2,3,4 = −Γ−4,1,2,3 + Γ1+2,1,2Γ−4,1+2,3 ,
to simplify (154) to
χ˜1 = φ¯1 + g
∫
23
δ(p1 − p2 − p3)
(
p1−
p2−
Γ−2,3,−1 φ¯2χ3 +
p1−
p3−
Γ−3,−1,2 χ2φ¯3
)
+ g2
∫
234
δ(p1 − p2 − p3 − p4)
×
(
p1−
p2−
Γ−2,3,4,−1 φ¯2χ3χ4 +
p1−
p3−
Γ−3,4,−1,2 χ2φ¯3χ4 +
p1−
p4−
Γ−4,−1,2,3 χ2χ3φ¯4
)
+ O(g3). (155)
For the generalisation to all orders we conjecture the following form
χ˜1 =
∞∑
n=2
gn−2
∫
2...n
δ(p1 − p2 − · · · − pn)
n∑
s=2
p1−
ps−
Γn,sχ2 . . . χs−1φ¯sχs+1 . . . χn, (156)
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where Γn,s ≡ Γ(.) and the arguments within the parentheses are to be filled according to the
rule given in figure 1.
s
s+1
s+2
n-1n
1
2
s-1
Figure 1: Γn,s (for n ≥ 3) - the first argument is s, the next s+1 and so on, increasing up to
n and then wrapping over to 1, whence they go up to s− 1. The circled numbers come with
a minus sign in the argument, and Γ2,2 = 1.
F Details of the component expansion for the superfields χ
and χ˜ to order g
We present here some details of the calculation of the gluon vertices in the component La-
grangian obtained from our superspace result of section 4.
We start with the inverse transformations (96) expressing χ and χ˜ to order g and substi-
tute the truncated component expansions (97) of φ and and φ¯. This yields the new superfields
expressed in terms of the gauge bosons as
χp =
{
− 1
ip−
Ap + g
∫
qr
δ(p − q − r) Γp,q,r 1
q−r−
Aq Ar +O(g2)
}
e
− i√
2
(θθ¯)ip−
− 1
12
〈θ〉4
{
ip−A¯p + g
∫
qr
δ(p − q − r) Γp,q,r
(
q−
r−
A¯q Ar +
r−
q−
Aq A¯r
)
+O(g2)
}
,
χ˜p = − 1
ip−
A¯p e
i√
2
(θθ¯)ip− − g
∫
qr
δ(p − q − r)
(
p−
q−
Γ−q,r,−p
1
q−r−
A¯q Ar e
i√
2
(θθ¯)i(q−−r−)
+
p−
r−
Γ−r,−p,q
1
q−r−
Aq A¯r e
i√
2
(θθ¯)i(r−−q−)
)
+O(g2)
− 1
12
〈θ¯ 〉4
{
ip−Ap − g
∫
qr
δ(p − q − r)
(
p−
q−
Γ−q,r,−p
q−
r−
+
p−
r−
Γ−r,−p,q
r−
q−
)
Aq Ar
+O(g2)
}
+
1
12
〈θ〉4
{
g
∫
qr
δ(p − q − r)
(
p−
q−
Γ−q,r,−p
r−
q−
+
p−
r−
Γ−r,−p,q
q−
r−
)
A¯q A¯r +O(g2)
}
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− 1
144
〈θ〉4〈θ¯ 〉4
{
g
∫
qr
δ(p − q − r)
(
p−
r−
Γ−r.−p,q q−r− A¯q Ar
+
p−
q−
Γ−q,r,−p q−r− Aq A¯r
)
+O(g2)
}
.
Substituting the Γ coefficients derived in section 3.1, Γ+,q,r =
q−r−
(q,r) , we get
χp =
{
− 1
ip−
Ap + i
2
3
g
∫
qr
δ(p − q − r) 1
(q, r)
Aq Ar +O(g2)
}
e
− i√
2
(θθ¯)ip−
− 1
12
〈θ〉4
{
ip−A¯p + i
2
3
g
∫
qr
δ(p − q − r)
(
q2−
(q, r)
A¯q Ar +
r2−
(q, r)
Aq A¯r
)
+O(g2)
}
, (157)
χ˜p = − 1
ip−
A¯p e
i√
2
(θθ¯)ip− + i
2
3
g
∫
qr
δ(p − q − r)
(
p2−
q2−
1
(q, r)
A¯q Ar e
i√
2
(θθ¯)i(q−−r−)
+
p2−
r2−
1
(q, r)
Aq A¯r e
i√
2
(θθ¯)i(r−−q−)
)
+O(g2)
− 1
12
〈θ¯ 〉4
{
ip−Ap + i
4
3
g
∫
qr
δ(p − q − r) p
2−
(q, r)
Aq Ar +O(g2)
}
− 1
12
〈θ〉4
{
i
2
3
g
∫
qr
δ(p − q − r) p
2−
(q, r)
(
q2−
r2−
+
r2−
q2−
)
A¯q A¯r +O(g2)
}
+
1
144
〈θ〉4〈θ¯ 〉4
{
i
2
3
g
∫
qr
δ(p − q − r)
(
p2−q
2
−
(q, r)
A¯q Ar +
p2−r
2
−
(q, r)
Aq A¯r
)
+O(g2)
}
. (158)
To show that the new Lagrangian in terms of χ and χ˜ reduces to the MHV Lagrangian for
pure Yang–Mills derived in [21, 22], we need to rewrite the new superfields in terms of the
redefined component fields B and B˜, which make up the MHV Lagrangian for Yang–Mills.
For this purpose we make use of the explicit field redefinitions derived in [23], which we
reproduce here
Ap = Bp − g
∫
qr
δ(p − q − r) p−
(q, r)
Bq Br +O(g2) , (159)
A¯p = B˜p − g
∫
qr
δ(p − q − r)
(
q2−
p−
1
(q, r)
B˜q Br +
r2−
p−
1
(q, r)
BqB˜r
)
+O(g2) . (160)
Substituting these in (157) and (158), we obtain
χp =
{
− 1
ip−
Bp − i
3
g
∫
qr
δ(p − q − r) 1
(q, r)
Bq Br +O(g2)
}
e
− i√
2
(θθ¯)ip−
− 1
12
〈θ〉4
{
ip−B˜p − i
3
g
∫
qr
δ(p − q − r)
(
q2−
(q, r)
B˜q Br +
r2−
(q, r)
Bq B˜r
)
+O(g2)
}
, (161)
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χ˜p =
{
− 1
ip−
B˜p − ig
∫
qr
δ(p − q − r)
(
q2−
p2−
1
(q, r)
B˜q Br +
r2−
p2−
1
(q, r)
Bq B˜r
)
+O(g2)
}
e
i√
2
(θθ¯)ip−
+ i
2
3
g
∫
qr
δ(p − q − r)
(
p2−
q2−
1
(q, r)
B˜q Br e
i√
2
(θθ¯)i(q−−r−)
+
p2−
r2−
1
(q, r)
Bq B˜r e
i√
2
(θθ¯)i(r−−q−)
)
+O(g2)
− 1
12
〈θ¯ 〉4
{
ip−Bp +
i
3
g
∫
qr
δ(p − q − r) p
2−
(q, r)
Bq Br +O(g2)
}
− 1
12
〈θ〉4
{
i
2
3
g
∫
qr
δ(p − q − r) p
2
−
(q, r)
(
q2−
r2−
+
r2−
q2−
)
B˜q B˜r +O(g2)
}
+
1
144
〈θ〉4〈θ¯ 〉4
{
i
2
3
g
∫
qr
δ(p − q − r)
(
p2−q2−
(q, r)
B˜q Br +
p2−r2−
(q, r)
Bq B˜r
)
+O(g2)
}
. (162)
Substituting (161) and (162) in the MHV Lagrangian presented in section 4 and computing
the Grassmann integrals, we reproduce the MHV Lagrangian for pure Yang–Mills.
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